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There are many deﬁnitions on fractional derivatives. The most
used ones are (Yang, 2012):
1) Caputo’s deﬁnition:
DaxðfðxÞÞ ¼
1
Cðn aÞ
Z x
0
ðx tÞna1 d
nfðtÞ
dtn
dt ð1Þ2) Riemann–Liouville deﬁnition
DaxðfðxÞÞ ¼
1
Cðn aÞ
dn
dxn
Z x
0
ðx tÞna1fðtÞdt ð2Þ
3) Jumarie’s deﬁnition (Jumarie, 2006)
DaxðfðxÞÞ ¼
1
Cðn aÞ
dn
dxn
Z x
0
ðx tÞna1½fðtÞ  fð0Þdt ð3Þ
4) Xiao-Jun Yang’s deﬁnition
DðaÞx fðx0Þ ¼ fðaÞðx0Þ ¼
dafðxÞ
dxa
jx¼x0 ¼ limx!x0
DaðfðxÞ  fðx0ÞÞ
ðx x0Þa ; ð4Þ
where DaðfðxÞ  fðx0ÞÞ ﬃ Cð1þ aÞDðfðxÞ  fðx0ÞÞ.
5) Chen’s fractal derivative (Chen et al., 2010; Chen, 2006):
df
dxa
¼ lim
s!x
fðxÞ  fðsÞ
xa  sa ; ð5Þ
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Du
Dxa
¼ Cð1þ aÞ lim
Dx¼x
1
x2!L
uðx1Þ  uðx2Þ
ðx1  x2Þa ð6Þ
where Dx does not tend to zero, it can be the thickness (L) of a
porous medium. Applications of the fractal derivative to frac-
tal media have attracted much attention, for example it can
model heat transfer and water permeation in multi-scale fab-
rics and wool ﬁbers (Fan and He, 2012; Fan and Shang,
2013a,b).
The deﬁnition, Eq. (6), is similar to Leibniz’s calculus.
Leibniz did not take the limit in his inﬁnitesimal calculus. The
derivative of f(x) with respect to x, in the sense of Leibniz’s nota-
tion, is the standard part of the inﬁnitesimal ratio:
f 0ðxÞ ¼ st Df
Dx
 
¼ st fðx1Þ  fðx2Þ
x1  x2
 
ð7Þ
instead of Newton’s notation f 0ðxÞ ¼ lim
Dx!0
Dy=Dx.
In a fractal medium, the distance between x1 and x2 tends
to inﬁnity (Dx!1) even when x1 ! x2 , and therefore
Leibniz’s work was nearer to fractal and Cantor sets which
are the basis for fractional calculus (He, 2014).
2. Deﬁnition on fractional derivative through the variational
iteration method
The variational iteration method was ﬁrst used to solve frac-
tional differential equations in 1998 (He, 1998), and it has been
shown to solve a large class of nonlinear differential problems
effectively, easily, and accurately with the approximations con-
verging rapidly to accurate solutions, and now it has matured
into a relatively ﬂedged theory for various nonlinear problems,
especially for fractional calculus (He, 1998, 2011, 2012; Wu,
2012). A complete review on its development and its applica-
tion is available in Refs. (He, 2006, 2008).
We consider the following linear equation of n-th order
uðnÞ ¼ fðtÞ ð8Þ
By the variational iteration method (He, 1998), we have the
following variational iteration algorithm
umþ1ðtÞ ¼ umðtÞ þ ð1Þn
Z t
t0
1
ðn 1Þ! ðs tÞ
n1½uðnÞm ðsÞ
 fmðsÞds: ð9Þ
We introduce an integration operator I n deﬁned by He,
2014
Inf ¼
Z t
t0
1
ðn 1Þ! ðs tÞ
n1½uðnÞ0 ðsÞ  fðsÞds
¼ 1
CðnÞ
Z t
t0
ðs tÞn1½ f0ðsÞ  fðsÞds ð10Þ
where f0ðtÞ ¼ uðnÞ0 ðtÞ.
We can deﬁne a fractional derivative in the form
Dat f ¼ Dat
d n
dtn
ðI nfÞ ¼ d
n
dtn
ðInafÞ
¼ 1
Cðn aÞ
dn
dtn
Z t
t0
ðs tÞna1½ f0ðsÞ  fðsÞds ð11Þwhere f0ðtÞ is a known function, its physical explanation will be
given in the next section.
3. An application
As an application of the new fractional derivative, we consider
the fractal-like porous hairs of polar bear (He et al., 2011;
Wang et al., 2012). Hairs of a polar bear (Ursus maritimus)
are of superior properties such as the excellent thermal protec-
tion. How can polar bears resist such cold environment? Its
fractal porosity plays an important role.
Using Fourier’s Law of thermal conduction in fractal
porosity of polar bear hairs (Yang, 2012), we obtain the fol-
lowing fractional differential equation
@a
@xa
D
@aT
@xa
 
¼0 ð12Þ
with boundary conditions
Tð0Þ ¼ T0;TðLÞ ¼ TL ð13Þ
where T is the temperature, D is the thermal conductivity of
heat ﬂux in the fractal medium, a is the fractional dimensions
of the fractal medium, @a=@xa is the fractional derivative
deﬁned as (He, 2014)
@Ta
@xa
¼ 1
Cðn aÞ
dn
dxn
Z t
t0
ðs xÞna1½T0ðsÞ  TðsÞds ð14Þ
where T0ðxÞ can be the solution of its continuous partner of
the problem with the same boundary/initial conditions of the
fractal partner.
By the fractional complex transform (Li and He, 2010; He
and Li, 2012; Li et al., 2012)
s ¼ x
a
Cð1þ aÞ ð15Þ
Eq. (12) is converted to a partial differential equation,
which reads
@
@s
D
@T
@s
 
¼0 ð16Þ
Eq. (16) has the solution
T ¼ aþ bs ¼ aþ bx
a
Cð1þ aÞ ð17Þ
After incorporating the boundary conditions of Eq. (13),
we have
T ¼ T0 þ ðTL  T0Þ
La
xa ð18Þ
It is obvious that the solution has the following remarkable
property:
dT
dx
ðx ¼ 0Þ ¼
0; a > 1
ðTLT0Þ
L
; a ¼ 1
1; a < 1
8><
>: ð19Þ
The slope at x= 0 depends strongly upon the value of the
fractional order, or value of the fractal dimensions (He et al.,
2012). For a polar bear the temperature of its body surface
should be changed as smooth as possible, it requires a > 1 .
192 J.-H. He et al.A hollow hair with a labyrinth-like fractal porosity in polar
bear hairs was found in Ref. (He et al., 2011), this special struc-
ture guarantees a > 1.
4. Conclusions
Using the variational iteration method, we can easily derive a
more generalized fractional derivative. A simple example is
given to illustrate how to solve fractional differential equations
in the new fractional notation. The slope at the boundary
depends strongly upon the fractal structure of porosity. The
polar bear has evolved in a perfect mathematical way, and
its mechanism can be used for biomimic design for various
functional textiles.
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